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We derive a topological action that describes the confining phase of (Super-)Yang-Mills theories
with gauge group SU(N), similar to the work recently carried out by Seiberg and collaborators. It
encodes all the Aharonov-Bohm phases of the possible non-local operators and phases generated by
the intersection of flux tubes. Within this topological framework we show that the worldvolume
theory of domain walls contains a Chern-Simons term at level N also seen in string theory construc-
tions.
The discussion can also illuminate dynamical differences of domain walls in the supersymmetric and
non-supersymmetric framework. Two further analogies, to string theory and the fractional quantum
Hall effect might lead to additional possibilities to investigate the dynamics.
I. INTRODUCTION
Domain Walls in Super-Yang-Mills theories have been under intensive investigation since their discovery by Dvali
and Shifman in 1996 [1]. Many different methods were applied in order to receive information about the properties
of the wall configurations.
Supersymmetry allows to calculate the wall tension exactly under the assumption that the walls are BPS saturated.
In the large N limit for the pure SU(N) gauge theory this calculation suggests that the wall tension is proportional to
N rather than N2 as would be expected for solitonic solutions, see [2]. This functional dependence rather resembles
that of D-branes in string theory. In fact, the string theoretical description of these domain walls, [2], confirms this
dependence and predicts that chromoelectric flux tubes, the analog of open strings, can end on the domain wall. This
phenomenon further arises naturally in the Dvali Shifman mechanism of dynamical compactification, [3]. Moreover,
string theory suggests the occurrence of a level N Chern-Simons term on the wall worldvolume as shown by Acharya
and Vafa in [4].
Despite the amount of work done, with field theoretical considerations this Chern-Simons term has not been con-
structed explicitly, although the considerations in [5] render such a term plausible as well in a field theoretical context.
In this paper we will construct a topological model that describes the topological properties of the confining phase of
(Super-)Yang-Mills theories, especially the Aharonov-Bohm phases of non-local operators due to their center charges
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2and phases generated due to a crossing of electric flux tubes. In this topological model a Chern-Simons term at
level N arises in the presence of domain walls. Furthermore, chromoelectric flux tubes, described by electric surface
operators, can end on the domain walls. First, we work in the framework of non-supersymmetric pure Yang-Mills
theory and extend the model to include the supersymmetric case.
The paper is organized as follows. In section II we discuss the vacuum structure of pure Yang-Mills theories and the
wall solutions that are thought to appear in the large N limit. We explicitly derive a topological theory of the con-
fining phase that contains all the exchange phases in dependence of the vacuum angle θ. The introduction of domain
walls in this framework immediately leads to a Chern-Simons term at level N due to gauge invariance properties. In
section III we extend the considerations to a supersymmetric theory and the original domain walls in Super-Yang-Mills
models and describe some implications for the dynamics of the walls themselves in section IV. In section V analogies
to string theory and the fractional quantum Hall effect are pointed out and hints on how to proceed the investigation
are presented. The last section VI summarizes the results.
II. YANG-MILLS DOMAIN WALLS
First, we discuss the domain walls in pure Yang-Mills theories with gauge group SU(N). The Lagrangian density
with ’t Hooft coupling λ ≡ g2N reads
L = −N
2λ
Tr(F ∧ ∗F ) + θ
8pi2
Tr(F ∧ F ) , (1)
with non-Abelian field strength tensor F . Yang-Mills theory develops a mass gap for low energies and exhibits
confinement. In the latter we always assume confinement to be the effect of the condensation of charge N monopoles.
This mechanism is well established and is justified by considerations, e.g. as presented in [6].
A. Vacuum structure in the large N limit
The usual procedure for the large N limit states that the parameter to be kept fixed is θ/N rather than θ itself.
This, however, would destroy the 2pi-periodicity in θ. Moreover, the θ-dependence of the energy would vanish, being
a smooth function of the parameter θ/N . A solution was suggested by Witten in [7]. He introduces N branches
representing quasi-stable states in the large N limit, labeled by an integer parameter k ∈ {0, . . . , N − 1}. The energy
of each branch is 2piN -periodic in θ, but the whole collection restores the expected 2pi-periodicity and θ-dependence
of the energy, see figure 1 for a schematical picture. For a shift in θ the branches interchange roles, i.e. for θ = 2pi
the branch with lowest energy is labeled by k = 1 rather than k = 0 as for θ = 0. By the Witten effect, [8], we
infer that the electric charge of the condensate differs in the quasi-stable configurations. The lowest energy state for
the SU(N) theory is always assumed to be a state with purely magnetically charged condensate. This assumption
is supported by the considerations in section IV. Hence, the energetically higher configurations for fixed θ describe
dyonic condensates. Note that θ and k are distinct parameters of the theory but produce equivalent effects.
The reason why these states are quasi-stable is that neighboring vacua show an energy difference that is O(N0),
whereas the domain walls have a tension O(N), see [9]. Thus, vacuum transitions are exponentially suppressed in the
large N limit, see as well [10].
3FIG. 1: θ-dependence of the energy for the N branches
B. Classification of the vacua
For the condensation of charge N monopoles as confining mechanism, it is sufficient to classify non-local operators
by their electric and magnetic charges and fluxes under the center of the gauge group. For the gauge group SU(N)
this leads to a ZN × ZN lattice as discussed in [11] and originating from [12–14].
The different vacua can be categorized by the choice of genuine line operators, discussed in [11] and [15]. These are
the line operators which do not have to be supplemented by a surface operator. A modified Dirac quantization for
line operators of electric and magnetic charge (q,m) (see [16])
qm′ −mq′ ∈ Z , (2)
has to be fulfilled for these genuine line operators. Note that for convenience we have rescaled the electric charges
by a factor of 1/N in order to relate them to the center charges fundamental quarks in the theory would have. The
line operators that do not fulfill this quantization have to be supplemented by a surface operator, which generates a
non-trivial phase (under exchanges with non-vanishing winding). These surface operators can be interpreted as flux
tubes connecting the confined charges.
There are several possibilities for the choice of the genuine operators described in [11]. For a SU(N)/ZN theory the
vacuum angle has a 2piN -periodicity (similar to a single branch in figure 1). For fixed θ, there are N possibilities for the
charge of the genuine line operators. Because we expect the genuine line operators to be in line with the condensate this
can be understood as the choice of the condensate charge, parametrized by (q,m) = (k/N,N) with k ∈ {0, . . . , N−1}.
This means that there are N distinct theories, labeled by k. Nevertheless, in the topological approach (disregarding
the θ-dependence of the energy) we can scan the whole set of theories by varying θ/2pi ∈ {0, . . . , N − 1}. Accordingly,
by the Witten effect this is equivalent to alter the charge of the condensate. Note that this is only valid in the
topological theory where the dynamical properties are not taken into account.
In the SU(N) theory, however, we have to include all the branches. The genuine line operators should not alter under
the shift θ → θ+ 2pi and thus are the purely electrically charged Wilson loops. Since now the branches are part of the
same theory there is the possibility of the aforementioned domain walls, interpolating between branches for fixed θ.
In order to construct our topological model we first consider a SU(N)/ZN theory, equivalent to a single branch of
the full SU(N) theory. After the derivation of a consistent topological action that includes the Witten effect we add
4the other branches in order to obtain the topological version of the SU(N) theory.
C. Derivation of the topological action
We start in the theory where charge N monopoles condense to create confinement. This, combined with the
classification of the charges via the discrete group ZN , enables us to describe the topological properties of the SU(N)
gauge theory in a topological field theory framework. The discrete gauge group ZN can be formulated in analogy to
the Abelian-Higgs model by the condensation of charge N monopoles, see for example [17] and [18]. Far in the Higgs
regime the action becomes a mere constraint equation. With the dual gauge field A˜, the phase of the magnetic scalar
potential ϕ with charge N , and the Lagrange multiplier 3-form h the Euclidean action reads (see [18])
S =
∫
h ∧ (dϕ−NA˜) , (3)
with 0-form gauge transformations (f a 2pi-periodic 0-form)
ϕ→ ϕ+Nf,
A˜→ A˜+ df .
(4)
Dualizing the field A˜ in order to retrieve the usual gauge field A and the scalar field ϕ to a 2-form field B coupling
to electric flux tubes we obtain
S =
∫ [
h ∧ (dϕ−NA˜) + i
2pi
dϕ ∧ dB + i
2pi
dA˜ ∧ dA
]
=
i
2pi
∫
F˜ ∧ (F −NB) .
(5)
This has the functional form of a BF-theory introduced in [19], a topological field theory in four dimensions which
encodes the exchange phases for line and surface operators.
The action has an additional 1-form gauge symmetry. With 1-form λ which fulfills the quantization condition over a
closed 2-surface
1
2pi
∮
dλ ∈ Z , (6)
it reads
A→ A+Nλ,
B → B + dλ .
(7)
This action describes the topological properties of charges and fluxes in a dual superconductor at θ = 0. All the
’t Hooft loops of magnetic charge m
H(m) = exp
(
im
∮
A˜
)
, (8)
are gauge invariant. The Wilson loops of charge q along a path γ have to be supplemented by a surface operator of
electric flux η over an open surface Σ, with ∂Σ = γ
W(q, η) = exp
(
iq
∮
γ
A− iηN
∫
Σ
B
)
. (9)
5With Stokes’ theorem this transforms as
∆W(q, η) = exp
(
iqN
∮
γ
λ− iηN
∮
∂Σ
λ
)
, (10)
and ∆W vanishes for q = η, as desired. This objects can be understood as two electric probe charges connected
by a flux tube, see figure 2. The action (5) with the corresponding 1-form gauge transformations hence successfully
FIG. 2: Flux tube connecting two probe charges
describes the topological properties of a dual superconductor. The θ-angle and the corresponding Witten effect,
however, are not yet incorporated.
After a shift of θ by 2pi the condensate develops electric charge and instead of pure ’t Hooft loops we expect dyonic
loops to be gauge invariant on their own. This can be achieved by modifying the 1-form gauge transformations of the
dual gauge field A˜
A˜→ A˜− θ
2pi
λ . (11)
Nevertheless, the action does not remain gauge invariant under this transformations
∆S = − iθ
4pi2
∫
dλ ∧ (F −NB) . (12)
The term proportional to dλ ∧ F is of no concern, because for θ ∈ 2piZ its integrated value is a multiple of 2pi and
the action remains unaltered. The second term has to be compensated by an additional contribution to the action.
In four dimensions a B ∧ B-term is allowed, see [19], and this indeed has the appropriate transformation properties.
Thus, the generalized action including the Witten effect reads
S =
i
2pi
∫ [
F˜ ∧ (F −NB)− Nθ
4pi
B ∧B
]
, (13)
with the 1-form gauge transformations
B → B + dλ,
A→ A+Nλ,
A˜→ A˜− θ
2pi
λ .
(14)
The B∧B-term accounts for the phase created for crossing flux tubes. Integrating out F˜ , we see that the B∧B-term
describes a F ∧ F contribution in the topological action, [15]
S → i
8pi2N
∫
θF ∧ F . (15)
The prefactor 1/N further suggests that the intersections of strings behave as fractional (1/N) instantons and further
account for the 2piN -periodicity of θ for gauge group SU(N)/ZN . The strong relation between the B ∧ B- and
6F ∧ F -term can be illustrated in the following way. Consider a resting electric flux tube (e.g. along zˆ-direction) that
is crossed by another electric flux tube (e.g. oriented in xˆ- and moving in yˆ-direction). The moving flux tube induces
a magnetic field (in the zˆ-direction) and therefore leads to a contribution of the form ~E · ~B ∝ F ∧ F , see [20].
Now we include the N branches to recover the SU(N) theory, which has to our knowledge not been done in previous
investigations, we introduce the integer valued parameter k labeling the branch of the SU(N) theory. The correspon-
dence of the branches and the charges of the condensate dictate its form and the full action including Witten effect
and the set of branches is
S =
i
2pi
∫ [
F˜ ∧ (F −NB)− Nθ
4pi
B ∧B + Nk
2
B ∧B
]
. (16)
The 2pi-periodicity is restored and the only valid choice for the genuine line operators are the Wilson loops (consider
a shift θ → θ + 2pi). To preserve the gauge invariance of the action the dual gauge field transforms as
A˜→ A˜− θ
2pi
λ+ kλ . (17)
A similar action was presented in [15] without explicit derivation. There the authors coupled this topological theory
to a dynamical SU(N) theory in order to obtain a dynamical SU(N)/ZN theory.
D. Domain walls and the Chern-Simons term
Domain walls in pure Yang-Mills theories with gauge group SU(N) interpolate between quasi-stable configurations
labeled by the integer k at fixed θ. The difference in the energy density renders them non-static which, however, is of
no concern for the topological discussion.
In the non-supersymmetric framework we can set θ to zero in the following analysis. Thus, fundamental domain walls,
with ∆k = 1, are encoded via the jump of k on a codimension one surface V. This has direct consequences for the
transformation properties of the action
∆S =
i
2pi
∫
d
[
kλ ∧ F + Nk
2
λ ∧ dλ
]
− iN
4pi
∫
dk ∧ (2λ ∧B + λ ∧ dλ) .
(18)
The first term is a total derivative and only contributes for boundaries of the spacetime manifold, which we do not
consider here. The second term, however, develops a contribution on the domain wall worldvolume
∆Swall = − iN
4pi
∫
V
(2λ ∧B + λ ∧ dλ) . (19)
To allow for domain walls in the topological theory and simultaneously preserve the gauge invariance we have to
introduce a new boundary field that transforms under the 1-form gauge transformations. The natural choice is a
1-form field A with
A → A− λ (20)
The action gets modified on the worldvolume of the wall and has to include
SV = − iN
4pi
∫
V
(2A ∧B +A ∧ dA) . (21)
The field A couples to the electric flux tubes and furthermore generates a Chern-Simons term at level N on the
domain wall, as was predicted in a string theory approach in [4].
7E. Flux tubes ending on domain walls
A further phenomenon originating from previous field theoretical considerations and string theory is the claim that
electric flux tubes can end on the walls. This can be understood in the topological setup above. Without the presence
of domain walls open surface operators have to be bounded by a Wilson loop. With the additional wall fields there
is another possibility. By demanding that the boundary of the open surface ∂Σ is a subset of the worldvolume V the
gauge invariance can be restored using loop operators of the field A instead
Wwall = exp
(
iNη
∫
Σ
B + iNq
∮
∂Σ
A
)
. (22)
This enables flux tubes to end and the domain walls, just as open strings end on D-branes, depicted in figure 3. In
FIG. 3: Flux tube ending on the domain wall
the following, we generalize the topological theory to supersymmetric models.
III. SUPER-YANG-MILLS DOMAIN WALLS
Super-Yang-Mills theories with gauge group SU(N) differ dramatically in their vacuum structure compared to their
non-supersymmetric relatives. In fact, the fermionic superpartners of the gluons, the gluinos λa, condense and one
finds N real supersymmetric vacua of vanishing energy density, see [21] and [22], parametrized by j ∈ {0, . . . , N − 1}
〈λaλa〉 = NΛ3 exp
(
2pii
j
N
)
, (23)
with dynamically generated scale Λ of the pure gluodynamics.
These vacua, connected by a non-anomalous chiral ZN symmetry, get interchanged as θ shifts by a multiple of 2pi,
depicted in figure 4. The dynamical phase of the gluino condensate, replacing the integer label k, acts as an axionic
field rendering θ dynamical. Similarly, the domain walls can be described as axionic domain walls.
For the axionic domain walls the dynamical θ-angle varies by 2pi which is equivalent to a shift in the phase of the
gaugino condensate. Consequently, the same topological action can be used in order to encode the exchange properties
of non-local operators. Due to the combination of the gluino condensate phase and the θ-parameter, it is sufficient to
keep the θ-dependent term, where θ now is dynamical rather than a fixed parameter (i.e. possibility of dθ 6= 0)
S =
i
2pi
∫ [
F˜ ∧ (F −NB)− Nθ
4pi
B ∧B
]
, (24)
8FIG. 4: Vacua in Super-Yang-Mills theories
with the 1-from gauge transformations (14).
The action receives a contribution from the jump in θ of the form
∆S =
iN
8pi2
∫
dθ ∧ (2λ ∧B + λ ∧ dλ) . (25)
For a sharp jump of θ by 2pi on a codimension one surface V we once more encounter the wall contribution (19).
Again the boundary field A has to be introduced with the same Chern-Simons term at level N and coupling to the
field B as in (21). The mechanism of flux tubes ending on the wall sustains as well.
Again, intersections of electric flux tubes generate a phase that resembles a fractional instanton. In Super-Yang-Mills
theories this allows a further interpretation.
The axionic phase of the gluino condensate corresponds to a pseudoscalar glueball which has a certain overlap with a
gaugino bilinear. A single instanton has 2N gaugino zero modes, i.e. it couples to 2N gauginos. A fractional (1/N)
instanton should therefore couple to two gluinos and have two gaugino zero modes, which is precisely needed to couple
to the axionic field. Thus, the θ-term has a factor of 1/N . Note, however, that the whole theory (no vacuum chosen)
remains 2pi-periodic in θ.
IV. DYNAMICS OF THE DOMAIN WALLS
Even though a topological theory does not contain propagating degrees of freedom, some qualitative properties
concerning the dynamics of the domain walls themselves can be deduced using some extensions.
The θ-term can be rewritten as a total derivative of a 3-form C, the Chern-Simons 3-form. In four dimensions a
massless 3-form does not contain any propagating degrees of freedom, but supports a long-range electric field via its
4-form field strength F4 in analogy to electrodynamics in two dimensional spacetime. Domain walls couple to C with
their three dimensional worldvolume. If we further introduce a kinetic term for the non-propagating 3-form field C
of the form
dC ∧ ∗(dC) = F4 ∧ ∗F4 , (26)
the equations of motion in the background of a Yang-Mills domain wall become
d(∗F4)− κdk = 0 , (27)
9where κ is a non-zero constant. Thus, the electric field jumps to a non-zero value. This term contributes to the energy
density as F 24 , leading to the non-degeneracy of the quasi-stable states in the pure Yang-Mills theory and reproducing
the k2-dependence predicted in [9]. This leads to a confinement of a wall-antiwall system similarly to the model in
[23] by the emergent long-range interaction. That F4 does not vanish for configurations with a dyonic condensate is
suggestive as well by rewriting the F ∧ F -term in the action as
F ∧ F ∝ ~E · ~B . (28)
Obviously this is zero for a purely magnetically charged condensate but not for dyons.
In the supersymmetric extension the picture changes. Now, the phase of the gluino condensate acts as an axionic field
and the domain wall can be described as an axionic domain wall. This axion, however, gets eaten up by the 3-form
field C as described in [24]. Both of the fields, axionic gluino condensate phase and massless non-dynamical 3-form C,
combine to one massive 3-form field which propagates a single degree of freedom. The mass screens the electric field
and there is no long-range interaction due to F4 between the walls. If the domain walls in Super-Yang-Mills theory
are to be BPS saturated states (see [25] and [5]), this is necessary because otherwise the configurations would violate
the corresponding energy bound.
A similar phenomenon occurs for the CPN -model in two dimensions, see [7]. The confined solitonic configuration
become unconfined in the supersymmetric case.
V. ANALOGIES TO OTHER PHYSICAL MODELS
In order to extract dynamical properties in further investigations, analogies to other physical models might prove
useful. Following, we discuss the relation to string theory and to fractional quantum Hall systems.
A. Analogy to string theory
It is an rather old idea, that Yang-Mills theory in the 1/N expansion should behave as a non-critical string theory
with 1/N controlling the string coupling, [26]. Within this context the domain walls discussed here were identified as
close analogs to D-branes in [2, 9]. It is a very interesting question how far this analogy can be pushed. We try to
illustrate that there are some non-trivial implications.
Let us recall that in critical type II string theories p-branes always come in pairs of a p-brane and a q-brane, with
p+ q = 6 . (29)
Here the p-brane carries an electric charge under a massless Ramond-Ramond (p+1)-form, while the corresponding
(6-p)-brane carries a magnetic charge, i.e. it is described by a winding in the (p+1)-form field. A slightly different
situation arises when we consider branes, which carry charges under a finite group, this situation arises for example
in type I string theory as discussed in [27]. Here we again have a pairing between a p-brane and a q-brane, but with
p+ q = 7 . (30)
Now, we try to understand whether an analogous situation arises in our setup. In the supersymmetric case, the
3-form coupling to the domain wall acquired a mass by combining with a pseudoscalar glueball (the axionic phase
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of the gaugino condensate), so we do not have a massless 3-form, furthermore our walls are charged under a chiral
ZN symmetry as discussed earlier. This suggests, that our setup should be closer to the case of branes with discrete
charges in critical string theory. This suggests that the object paired up with the domain walls should satisfy a
relation, that is the four dimensional analogue of (30), i.e.
p+ q = 1 . (31)
For the domain wall case of p = 2 this suggests we are looking for a D(-1)-brane, i.e. an instanton-like object. The
natural candidate for this are precisely the string crossing events discussed earlier. When we move the string crossing
event across the domain wall we get an additional phase of 2pi/N , this behavior is analogous to the behavior of D(-1)-
and D8-branes in type I string theory discussed by Witten in [27]. This suggests, that our interpretation of these
objects is sound.
The domain walls discussed in the non-supersymmetric case seem to be more closely analogous to D8-branes in type
IIA string theory. As we have seen earlier 4-form field strength F4 experiences a jump upon crossing the domain
wall, this is related to the case of D8-branes in type IIA, where the so called Romans mass jumps upon crossing the
D8-brane [28].
B. Analogy to FQH systems
There is one further promising possibility to extract dynamical properties. In fractional quantum Hall systems with
filling factor ν one introduces a statistical gauge field with the action, see [29]
SFQH =
i
4piν
∫
A ∧ dA . (32)
As a consequence, for filling factor ν = 1/N we exactly recover the wall action for the (Super-)Yang-Mills domain
walls, (21).
The fundamental excitations in fractional quantum Hall systems are fractionalized electrons of charge 1/N with one
fundamental magnetic flux attached to them. On the domain wall the magnetic field is substituted by the jump in θ
and the fundamental charges on the wall are the end points of electric flux tubes of charge 1/N . The bulk excitation
on the other hand is a standard electron for the fractional quantum Hall system. The analogy for the domain walls
is that N fundamental electric flux tubes can end on each other and constitute a baryonic vertex.
The most intriguing property is that from string theory constructions we expect for walls with ∆k = 2 or ∆θ = 4pi the
typical symmetry enhancement of coinciding D-branes. This would transform the U(1) into an U(2) Chern-Simons
term. From our topological construction this cannot be seen because a factor of two multiplying the domain wall
action would suffice to preserve the 1-form gauge invariance of the action. But this phenomenon is observed for bilayer
systems in the fractional quantum Hall effect, [30] and [31]. There are two kinds of excitations in the bilayer systems.
One transforms under a common U(1) symmetry on both layers simultaneously. The other has a non-trivial structure
in the labels of the layers and transforms under an additional SU(2). Our hope is, that these excitations are related
to flux tubes stretched between the domain walls in the gauge theories.
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VI. OUTLOOK AND CONCLUSION
To summarize, we succeeded in deriving an action that describes the topological properties of the confining phase
of a SU(N) gauge theory. This was possible with confinement generated by the condensation of charge N monopoles
and the transformation of charges under the Witten effect. By the possible reduction to the ZN center charges instead
of the full information of the SU(N) gauge group a Abelian continuum description using the Abelian-Higgs model
was sufficient. The resulting action describes the exchange phases of non-local operators and phases generated by
string crossings in the presence of a vacuum angle. The allowed configurations are those, invariant under an additional
1-form gauge transformation.
Introducing domain walls in this setup while preserving the additional 1-form gauge invariance leads to the occurrence
of a field on the domain wall worldvolume. This field exhibits a Chern-Simons term at level N in its action reproducing
the predictions of string theory constructions. Furthermore, it enables electric flux tubes to end on the domain walls.
For the supersymmetric extension of the model the same mechanism is efficient.
Nevertheless, the dynamical properties of (non-)supersymmetric walls differ. Without supersymmetry the condensate
in one domain is dyonic and the corresponding 4-form field strength contributes to the energy density. In other words,
the domain walls source a long-range electric field. For the supersymmetric version the phase of the gluino condensate
acts as an axionic field and is eaten up by the massless 3-form, a specific form of the Higgs-mechanism. This generates
a mass for the 3-form and the electric field is screened destroying the long-range interaction.
The analogies to string theory and the fractional quantum Hall effect furthermore offer a possible continuation of the
investigation concerning dynamical properties which are not possible in our topological framework.
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